We study the ground state properties of the bond alternating S = 1/2 quantum spin chain whose Hamiltonian is
Heisenberg model which is solvable by the Bethe ansatz [1] . When β = 0, the ground state is composed of local singlets that are formed by spins on sites 2j and 2j + 1. In the limit of strong ferromagnetic coupling β → −∞, spins on sites 2j − 1 and 2j form a local triplet.
The first order degenerate perturbation in 1/β from this limit gives the S = 1 spin chain with the Hamiltonian is the Heisenberg antiferromagnetic chain with S = 1.
In 1983 Haldane conjectured that there are qualitative differences between integer and half-integer spin quantum antiferromagnetic chains based on the large-S expansion [2] .
While there is no excitation gap when S is a half-integer [3] , he argued that the Heisenberg
Hamiltonian has a unique disordered ground state with a finite excitation gap when the spin S is an integer. These claims have been confirmed by experimental [4] , numerical [5] [6] [7] [8] and analytical studies [9] at least for the S = 1 case. The elementary excitations and the temperature dependence of the Haldane phase are investigated using the defect approach [10] . Although the ground state is disordered in the sense that the usual spin-spin correlation function decays exponentially, it has turned out that the ground state has a nontrivial hidden order. Den Nijs and Rommelse [11] argued that the Haldane phase is characterized by the hidden antiferromagnetic order based on the analogy of the preroughning transition.
It is measured by the string order parameter. Kennedy and Tasaki [12] introduced a nonlocal unitary transformation which reveals the relation between the hidden antiferromagnetic order and the hidden discrete Z 2 × Z 2 symmetry breaking. The hidden Z 2 × Z 2 symmetry is completely broken in the Haldane phase. This is confirmed numerically [13] . Extensions to higher integer S cases were discussed by several authors [14] .
The S = 1/2 spin chains with bond alternation have been investigated by several groups [15] . Recently Hida studied an S = 1/2 Heisenberg chain with alternating ferromagnetic and antiferromagnetic couplings. Its Hamiltonian is (1.1) with λ = 1. Hida considered a string order parameter for S = 1/2 which leads to the den Nijs-Rommelse string order parameter in the β → −∞ limit. He concluded numerically that the gap and the string order parameter for β = 0 remain non-vanishing in the β → −∞ limit. It suggests that the S = 1/2 spin chains with disordered ground state are characterized by the string order parameters, and that for λ = 1 there is no phase transition between β = 0 (S = 1/2 local singlet-triplet gap) and β = −∞ (S = 1 Haldane gap), thus they belongs to the same phase [16] [17] [18] .
There are studies on the S = 1/2 spin chains with bond alternation using other types of nonlocal unitary transformation [19, 20] . In particular, Kohmoto and Tasaki [19] studied the Hamiltonian (1.1) by the nonlocal unitary transformation used in the work of the AshkinTeller model by Kohmoto, den Nijs and Kadanoff [21] . They found that this transformation plays a role of the Kennedy-Tasaki unitary transformation for the S = 1 chain, although they are distinct. The nonlocal unitary transformation maps the S = 1/2 alternating chain to an S = 1/2 quantum spin system which is similar to the highly anisotropic version (onedimensional quantum system) of the two-dimensional Ashkin-Teller model. It also maps the string order parameters of the original chain to the ferromagnetic "local" order parameters in the transformed system. They argued the correspondence between the breaking of the Z 2 × Z 2 symmetry in the transformed system and the hidden antiferromagnetic order in the original system. In the transformed system, they showed that the region including the decoupled model (β = 0) and the S = 1 chain are characterized by a full breakdown of the is reduced to a one-dimensional quantum system by taking the extreme lattice anisotropic limit. The transfer-matrix method is used to convert a statistical mechanics problem at a finite temperature in two dimensions into a ground state problem for one-dimensional quantum Hamiltonian [24] . In this formalism, the ground state energy of a quantum system is the free energy of the corresponding two-dimensional classical system. The excitation gap in the quantum system corresponds to the inverse of the correlation length of the classical system. If there is no excitation gap in the quantum system, the classical system is critical.
Namely phase boundaries of the ground states phase diagram of a one-dimensional quantum system correspond to critical points of the two-dimensional classical spin system. Thus we shall use the concepts of the critical phenomena (universality, critical indices etc.) in order to discuss the ground state phase diagram of the one-dimensional quantum system even in the parameter region where a corresponding two-dimensional classical system does not exist.
The purpose of the present paper is to determine the phase diagram of the Hamiltonian (1.1) quantitatively by a series expansion technique. Some limiting cases are considered analytically. The critical lines and critical indices are evaluated from the Padé method [25] .
The obtained phase diagram shows a rich structure. It contains the gapful Haldane phase, the Néel phases, the XY -like gapless phase. It also has a critical line with continuously varying critical indices.
II. THE DISORDER OPERATORS AND THE
We shall perform series expansions in terms of β. The unperturbed system ((1.1) with β = 0) has the ground state which is a collection of uncorrelated local singlets. It is disordered in the sense that the expectation values of local order parameters vanish and series expansions cannot be applied to these quantities. Thus we consider the disorder operators which are nonzero in disordered phases and zero in an ordered phase [26] . We choose the following disorder operators
and
to characterize the ground states of the Hamiltonian (1.1), where S α are the S = 1/2 spin operators.
We describe the derivation of above disorder operators and their relations to the hidden
The nonlocal unitary transformation reveals the Z 2 × Z 2 symmetry of the Hamiltonian (1.1). This transformation is exactly the same as that used by Kohmoto, den Nijs and Kadanoff [21] , which maps the staggered XXZ model into the Ashkin-Teller quantum chain. Applying this transformation to the Hamiltonian (1.1), we get
The disorder operators which are dual to these order operators are
respectively. These disorder operators have nonzero expectation values in disordered phases.
Applying the inverse of the above transformation to the disorder operators (2.6) and (2.7),
we get the disorder operators (2.1) and (2.2) of the Hamiltonian (1.1).
A nonzero expectation value of one of the disorder operators corresponds to a spontaneous These phases are separated by the following critical lines.
(1) Line 1 is expected to be in the Gaussian model universality class [27] . Critical indices vary continuously on this line for −1 < λ < 1. This critical line is expected to bifurcate at λ = 1 [28] . λ for large λ. and is expected to be in the universality class of the Kosterlitz-Thouless transition [29] .
(5) Line 6 (λ = −1, β < 0) is the phase boundary between the XY -like phase and the ferromagnetic phase, and is expected to be in the universality class of the KDP transition.
[30]
(6) The Hamiltonian (1.1) is solvable on line β = 0. The ground state is degenerate on Line 7. Thus, Line 7 is a critical line [21] . for large |λ|.
A. Limiting Cases
In this subsection we discuss the phase diagram in several limits. Some of the critical lines are obtained by the duality.
Since the term with λ dominates, we can restrict ourselves to the space spanned by
where the state |α j 2j,2j+1 is defined by
Here, | ↑ j and | ↓ j are eigenstates of S z j with eigenvalues +1/2 and −1/2 respectively. We treat the other parts of the Hamiltonian by the degenerate perturbation theory within the space spanned by (3.1). The first order perturbation gives the effective Hamiltonian
where σ α i are the Pauli matrices which operate on |α i 2i,2i+1 . This is the highly anisotropic version of the two-dimensional Ising model [24] . This Hamiltonian have the property
under the dual transformation which approaches β = 2 as λ becomes large belongs to the Ising model universality class.
The Hamiltonian is approximated by
When λ is sufficiently large, the λ-coupling dominates in the Hamiltonian (3.6) and spins on sites 2j and 2j+1 must form a state | ↑ 2j | ↓ 2j+1 or | ↓ 2j | ↑ 2j+1 . In this bases, spins on sites 2j − 1 and 2j favors the states, | ↑ 2j−1 | ↓ 2j or | ↓ 2j−1 | ↑ 2j , due to the antiferromagnetic coupling β. Therefore, the ground state is given either by β.
To investigate the phase boundary between these phases, we map the Hamiltonian (3. Similar to the previous subsection, the Hamiltonian of this regime is
In the case of large |λ|, spins on sites 2j and 2j + 1 prefer to form a state | ↑ 2j | ↑ 2j+1
or | ↓ 2j | ↓ 2j+1 . Spins on sites 2j − 1 and 2j favor the state | ↑ 2j | ↓ 2j+1 or | ↓ 2j | ↑ 2j+1 , since the coupling β is antiferromagnetic. Therefore, the ground state is given by β (Line 8 in Fig. 1 ). Below this line (Phase G in Fig. 1 ), the system breaks half of the Z 2 × Z 2 symmetry. Thus the transition across this line belongs to the Ising model universality class.
line β = 0
We have the simplest situation. The Hamiltonian is written
It is a collection of independent two-spin systems. For λ > −1, the ground state is given
per site. For λ < −1, the ground state of an independent two-spin system is given by
Therefore, the ground state of the total system is 2 M/2 fold degenerate, where M is the number of sites. Therefore, this is a critical line [21] . The energy is λ 8
per site.
5. the ferromagnetic phase β < 0, λ < −1
In this region, the Hamiltonian is written
The ground state is given by j | ↑ 2j | ↑ 2j+1 or j | ↓ 2j | ↓ 2j+1 with the energy − |λ|+|β| 8
. Line 6 is expected to be a critical line in the universality class of the KDP transition [30] , since the system is in the perfectly ferromagnetic ordered state in the λ < −1 side and is in the XY -like gapless phase in the λ > −1 side.
limit β → −∞
In the β → −∞ limit, the S = 1/2 Hamiltonian (1.1) is equivalent to the S = 1 XXZ Hamiltonian (1.2). It has the Néel, the Haldane, the XY -like and the ferromagnetic phases depending on the parameter λ. We denote λ 1 for the boundary between the Néel and the Haldane phases, λ 2 for that between the Haldane and the XY -like phases, and λ 3 for the XY -like and the ferromagnetic phases.
The phase boundary between the Néel and the Haldane phases is estimated to be λ 1 ∼ 1.2 numerically [5, 7] . The critical line line 4 is expected to approach λ = λ 1 [19] . The boundary between the Haldane and the XY -like phase is estimated λ 2 ∼ 0 numerically [5, 8] . The XY -like phase boundary which starts from the point (λ, β) = (−1, 0) approaches λ = λ 2 .
For λ = −1, the S = 1 XXZ Hamiltonian (1.2) can be mapped to the ferromagnetic Heisenberg model by the rotation in the spin space for the 2j sites, S On the other hand, for λ < −1, the ground state is 2 fold degenerate. Therefore, the phase boundary between the XY -like and the ferromagnetic phases is λ = −1 in this limit.
IV. SERIES EXPANSION
We will make a series expansion in terms of β and obtain series of the "specific heat", the "magnetization" and the "susceptibility" to estimate critical points and critical indices.
A. Outline of the Method
It is necessary to have long series to extract reliable estimates of the critical points and critical indices. We use the linked cluster expansion method proposed by Kadanoff and
Kohmoto [31] . It is suited to calculate high order terms effectively.
Hamiltonian (1.1) is written
where
We shall perform series expansions with respect to β. The unperturbed states are
where |α j 2j,2j+1 is one of four eigenstates of the operator S
The ground state energy is expanded in a power series as
The "specific heat" is obtained by
We use the disorder operators defined per site
where α = xy and z, and M is the number of sites. To calculate series for the "magnetization" of the operators, we simply add a magnetic field
The ground state energy in the presence of h is calculated in a power series of β and h as
The expectation value of the "magnetization" is given by 11) and the "susceptibility" is
We use the Padé method to estimate critical points β c and critical indices. The definition of critical indices are as follows:
14)
where j is xy and z.
B. Result from Series Analysis
The quantities calculated by series expansions were (1) the "specific heat" (13 terms), (2) the "magnetization" (15 terms), (3) the "susceptibility" (13 terms). Critical points and critical indices are evaluated by the Dlog Padé method [32] . The estimates for the quantities are obtained by averaging the three or four highest-order diagonal elements and near-diagonal elements of the Padé tables. Error bars are then set to include these three or four values.
region β > 0
For the region −1 < λ < 1, the Haldane phase is characterized by D α = 0 (α = xy and z). The disordered phase (E) is characterized by D α = 0 (α = xy and z). Thus the phase boundary (Line 1) between these phases is determined from series for D α (α = xy and z). Critical points obtained from series for D xy and D z show well convergence. We estimate critical points from series for D xy (Fig. 1) . In Fig. 2 and 3 , critical indices β j 's (j = xy and z) are shown. Results for γ j 's (j = xy and z) and α are shown in Fig. 4, 5 and 6 respectively. In this region, critical indices β j 's (j = xy and z) vary continuously, and seem to be divergent near λ = −1. Critical index β z agrees well with the result by Hida obtained numerically [33] . Critical indices γ j 's (j = xy and z) and α are also varying continuously.
Critical index γ xy also seems to be divergent near λ = −1. However, we cannot determine critical indices accurately close to λ = −1 due to poor convergence. In the case of the Ashkin-Teller quantum chain or the staggered XXZ model, there is the "critical fan" in a finite region of the parameter space −1 < λ < − For β = 1, λ = 1, the model is solvable by the Bethe ansatz [1] . We can map it to the six-vertex model at this point [34] . The extended scaling relations predict critical indices α, β j 's and γ j 's (j = xy and z), with the help of the standard scaling relations. These indices have been obtained from mappings between the six-vertex model and the Gaussian model [27, 35] . The equivalent mapping is that between the XXZ model and the TomonagaLuttinger model [36] . The estimated values of the critical point from the series analysis are, Thus the phase boundary (Line 2) between these phases is determined from series for D xy .
In , respectively on Line 2. Critical indices α, β z and γ z must be 0, (see Fig. 7 ).
The result for γ xy is shown in Fig. 8 . It shows a good agreement with the Ising value Fig. 7 and Fig. 9 respectively. Critical indices α and γ j 's (j = xy and z) are not included here for poor convergence. These values estimated from series analysis are α = 2.2 ± 1.1, γ xy = 3.4 ± 2.6 and γ z = 3.1 ± 2.6 at λ = −0.8. Line 5 is expected to be in the universality class of the Kosterlitz-Thouless transition. However, we cannot evaluate critical index η for poor convergence of critical indices γ j 's (j = xy and z).
V. SUMMARY AND DISCUSSION
We studied the ground state properties of the S = 1/2 quantum spin chain with bond alternation. This model is equivalent to the S = 1 antiferromagnetic XXZ model in the strong ferromagnetic coupling limit. We focused on the disorder operators. These operators are also obtained from the disorder operators of the Ashkin-Teller quantum chain by using the nonlocal unitary transformation. The "magnetization" of these nonlocal operators measure similar quantity that is observed by the string order parameters which is extended by
Hida for the S = 1/2 quantum spin chains.
The ground state phase diagram is obtained by series expansions. Critical points are consistent with the phase diagram which conjectured by Kohmoto and Tasaki [19] and determined numerically by Hida [18] . In the narrow region λ > −1, β ∼ 0, it can be proved rigorously that the ground state in the infinite volume limit is unique, all the truncated correlation functions decay exponentially, and there is a finite excitation gap [12, 19] . The present study strongly suggest that this region covers the wide area surrounding by Lines 1, 
